Type I and type II second harmonic generation of a beam transformed by the conical refraction phenomenon are presented. We show that for type I, the second harmonic intensity pattern is a light ring with a point of null intensity, while for type II the light ring possesses two dark regions. Taking into account the different two-photon processes involved in second harmonic generation, we have derived analytical expressions for the resulting transverse intensity patters that are in good agreement with the experimental data. Finally, we have investigated the spatial evolution of the second harmonic signals showing that they behave as conically refracted beams. In the conical refraction (CR) phenomenon [1] [2] [3] [4] [5] , a focused randomly polarized input Gaussian beam propagating along the optic axis of a biaxial crystal (BC) is transformed into a light ring, as shown in Fig. 1 , being this light ring most sharply resolved at the ring (focal) plane of the system. The ring radius, R 0 , depends on the crystal's length, L, and its conicity, α, through R 0 = Lα. For R 0 ≫ w 0 , where w 0 is the waist radius of the input beam, the light ring splits into two concentric bright rings separated by a dark region, known as Poggendorff dark ring. Furthermore, each pair of diagonally opposite points of the CR ring have orthogonal linear polarizations (see Fig. 1(b) ). The ordinary polarization corresponds to the point with polarization tangent to the CR ring and the extraordinary polarization appears at the opposite ring's point. As the imaging plane is moved away Fig. 2(d) . Since the evolution of the CR ring is symmetric with respect to the ring plane, here we will consider only the region between the CR ring and the second Raman spot.
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In spite of being a relatively old phenomenon, only few articles have addressed CR in the nonlinear regime [6] [7] [8] [9] [10] [11] [12] , being all of them centered in the study of second harmonic generation (SHG) processes. In most of these works [6, 11] , CR and its SH signal were generated in the same biaxial crystal. This configuration ensures a very compact set-up, but unfortunately the phase matching direction does not coincide, in general, with one of the the optic axis of the crystal. Therefore, only materials with very large nonlinearities are able to simultaneously generate SH and CR. An alternative study of SHG in combination with CR can be carried out by placing a nonlinear crystal (NLC) after a BC [12] . This configuration allows the adjustment of the phase matching condition for SHG in the NLC with the optic axis of the BC. In this case, a more efficient SHG process is expected. Our aim here is to study SHG in type I (LBO) and type II (KTP) NLCs of a beam transformed by the CR phenomenon. This configuration is also significantly interesting due to the influence of the wave-vector and polarization distribution of the CR beam over the SH process. We will analyze from an experimental and a theoretical point of view the resulting transverse intensity patterns for both types of SHG and we will compare the evolution resulting SH beam with that one the CR beam at fundamental frequency. Fig. 3 shows in detail our experimental set-up. A randomly polarized input beam at 1064 nm is focused to a KGd(WO 4 ) 2 BC under CR conditions. At the ring plane, where the CR ring at fundamental harmonic (FH) appears, we place the NLCs oriented precisely under phasematching conditions for optimal generation of SH. The focusing lens used ensures operation under plane wave approximation, i.e., L NLC ≈ z R so that the NLC generates SH only from a unique transverse pattern of the CR beam. The length of the NLCs (L LBO = 10 mm, L KTP = 8 mm) is smaller than the distance of the Raman spot from the ring plane: Z Raman ≈ 166 mm. Finally, an imaging lens (IL, with position Z IL ) of 200 mm focal length projects the ring plane into the CCD camera. Fig. 4(b) and Fig. 4(c) show the experimental SHG intensity patterns for type I and type II NLCs, respectively. We observe that in type I SHG, the transverse pattern consists of a light ring with a point of null intensity, resembling the pattern obtained in CR with linearly   FIG. 4 . Patterns of the FH (a), type I (b) and type II SH (c) generated with the NLCs placed at the ring plane. Patterns were captured by using the lens IL, see Fig. 3 , to image the ring plane onto the CCD. Top and right insets are, respectively, the horizontal and vertical intensity profiles at the center of the images. Orange double arrows indicate the polarization plane.
polarized beams [1] . In this case, however, the whole SH ring is linearly polarized with the polarization plane coinciding with the extraordinary polarization of the NLC. For type I NLC, SHG occurs in the form oo → e. Thus, the point of the CR ring at the FH with polarization coinciding with the extraordinary mode of the NLC does not lead to SHG and, therefore, the resulting pattern in this case forms a crescent ring. With respect to type II SHG, we observe a light ring with two diagonally opposite points of null intensity. In this case, the ring is also linearly polarized coinciding with the extraordinary polarization of the NLC. Note that in type II SHG the doubling frequency process occurs through the channels oe → e and eo → e. As a consequence, the two points of the CR ring at the FH with only ordinary or extraordinary polarization do not contribute to SH while the maximum SH intensity comes from those points of the FH ring with an equal contribution of ordinary and extraordinary polarizations.
To obtain a quantitative description of the SH process we use the diffraction theory of CR derived by Belsky and Khapalyuk [2] and later on reformulated by Berry [4] , whose solution for the electric amplitude of the CR beam is:
where w Z = 1 + iZ and D 1 2 (x) is the parabolic cylinder (Weber) function [5] . ξ ≡ ρ − ρ 0 and η ≡ Z ZR are the normalized radial and longitudinal components in cylindrical coordinates, respectively. Taking into account both the polarization and the intensity distribution of the FH given by Eq. (1) and the the nature of the SHG processes (oo → e for type I; oe → e and eo → e for type II), it is straightforward to derive the corresponding analytical expressions for the SH intensity patterns from the CR ring:
where ϕ indicates the point of the CR ring, φ 0 is the mutual orientation between the planes of optic axes of the BC and the NLC and ρ 0 ≡ R0 w0 measures the ring radius in beam waists. I 2ω0 is the normalized intensity of the SH signal at the exit of a NLC for a Gaussian beam [13] . In Fig. 5(a) we plot the azimuthal intensity variations obtained experimentally (symbols) and the corresponding theoretical solutions (solid lines) for type I (red) and type II (black) NLCs.
Note, in addition, that the inner Poggendorff ring is almost non visible in the SHG intensity patterns, see Figs. 4(b) and 4(c). For the FH, it has been shown that the intensity of the input beam redistributes between the two Poggendorff rings in a ratio 3:1 (outer:inner) [2] . Since I 2ω0 ∝ I 2 ω0 , the two Poggendorff rings do not generate the same SH intensity signal, being the SHG outer ring much more intense than the inner one. Fig. 6 presents the evolution of the transverse intensity patterns of the SHG beams obtained by imaging different planes along the beam propagation. Comparing with Fig. 2 , one concludes that the frequency doubled waves are also conically refracted beams, being their evolution completely analogous to the FH. We have observed two focusing spots placed symmetrically from the ring plane of the SH signals resembling the Raman spots of CR. This behavior is expected since SHG is a nonlinear process that converts both the intensity and the phase of the incoming wavefront inside the NLC.
In summary, we have reported SHG in type I and type II NLCs from an input beam refracted conically after passing along the optic axis of a biaxial crystal. This configuration allows aligning precisely the phase-matching direction of the NLC. For type I, the SH pattern at the ring plane forms a light ring with a point of null intensity, corresponding to the extraordinary polarization of FIG. 6 . Evolution of the transverse intensity profile in type I (top row) and type II (bottom row) SHG when the NLCs are placed at the ring plane of the CR beam. The extraordinary polarization in the NLC was perpendicular to the plane of optic axes of the BC, i.e., φ0 = 0
• . We note that the Ramanlike spots for second harmonic, see (d) and (h), have been observed on both sides from the ring plane.
the FH. In contrast, for type II SHG, the light ring possesses two dark points that correspond to the two points of the FH with only ordinary or extraordinary polarizations. We have provided a qualitative explanation of the SH intensity patterns in terms of the different channels that contribute to the SH signal and derived an analytical solution that is in good agreement with the experimental results. Finally, we have investigated the spatial evolution of the SH beams showing that they resemble conically refracted beams.
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